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Abstract
Several reductions of the bosonic BMN matrix model equations to ordinary point
particle Hamiltonian dynamics in the plane (or R3) are given – as well as a few
explicit solutions (some of which, as N →∞, correspond to membranes rotating with
constant angular velocity, others to higher dimensional objects).
Consider the following 9 hermitean 3× 3 matrices (a = 1, 2, 3; a′ = a+ 3; a′′ = a+ 6,(
Eab
)
cd
= δacδbd)
Mˆa = −iǫabcEbc
Mˆa′ = Eaa − 1
3
1
Mˆa′′ = |ǫabc|Ebc,
(1)
(∑
Mˆ2a = 3
∑
Mˆ2a′ =
∑
Mˆ2a′′ = 2 · 1
)
and the corresponding discrete Laplace-operators
∆− :=
[[ · , Mˆa], Mˆa
]
= −1
2
[[ · , E−bc], E−bc
]
∆|| :=
[[ · , Mˆa′], Mˆa′
]
=
[[ · , Eaa], Eaa
]
∆+ :=
[[ · , Mˆa′′], Mˆa′′
]
=
∑
b<c
[[ · , E+bc], E+bc
]
,
(2)
where E±ab := Eab±Eba. As is easy to check, the action of (2) on (1) is purely diagonal,
with eigenvalues given according to
∆− = diag
(
222 666 666
)
∆|| = diag
(
222 000 222
)
∆+ = diag
(
666 666 222
)
,
(3)
and because (2) only involves commutators, (3) extends to the action of (2) on the 9
N × N matrices corresponding to (1) in an arbitrary N -dimensional representation!
of su(3) (just write (1) in terms of the Cartan Weyl basis of su(3)).
This way one can find 9 hermitean N × N matrices Mi=1,...,9, resp. a matrix
valued 9-vector
−→
M satisfying
[[−→
M,Ma
]
,Ma
]
= 2

1 0 00 31 0
0 0 31

−→M
[[−→
M,Ma′
]
,Ma′
]
= 2

1 0 00 0 0
0 0 1

−→M
[[−→
M,Ma′′
]
,Ma′′
]
= 2

31 0 00 31 0
0 0 1

−→M.
(4)
We will now use this to find nontrivial, timedependent solutions of the bosonic BMN
[1] matrix model equations,
..
Xa = −
9∑
i=1
[[
Xa, Xi
]
, Xi
]
− 4m2Xa − 3imǫabc[Xb, Xc]
..
Xµ = −
9∑
i=1
[[
Xµ, Xi
]
, Xi
]
−m2Xµ (µ = 4, 5, . . . , 9)
9∑
i=1
[Xi,
.
X i] = 0.
(5)
1
Letting, e.g. ,
Xa(t) = x(t)Ma, Xa′(t) =
√
3 y(t)Ma′ , Xa′′(t) = z(t)Ma′′ , (6)
with
−→
M =
(
(Ma)(Ma′)(Ma′′)
)
satisfying (4) (and [Ma,Mb] = iǫabcMc) reduces (5),
for arbitrary N , to differential equations involving only 3 scalar functions (x, y and
z):
..
x + x
(
4m2 + 2x2 + 6y2 + 6z2 − 6mx) = 0
..
y + y
(
m2 + 6x2 + 6z2
)
= 0
..
z + z
(
m2 + 6x2 + 6y2 + 2z2
)
= 0,
(7)
which are, in a canonical way, Hamiltonian with respect to
1
2
(
x˙2 + y˙2 + z˙2
)
+ 3
(
x2y2 + x2z2 + y2z2
)
+
1
2
m2
(
4x2 + y2 + z2
)
+
1
2
z4 +
1
2
x4 − 2mx3.
(8)
Another reduction can be obtained by letting (cp. [2])
Xa(t) = x(t)Ma, Xµ =
√
3
5
z(t)Rµν(t)M˜ν(
Rµν
)
= eAϕ(t) ∈ SO(6), z2ϕ˙(t) = L = const, A2 = − id;
M˜a′ :=
√
2Ma′ , M˜a′′ :=Ma′′
(9)
(note that [M˜a′ , M˜a′′ ] = 0), yielding
..
x + x
(
4m2 + 2x2 + 6z2 − 6mx) = 0
..
z + z
(
m2 + 6x2 +
18
5
z2 − L
2
z4
)
= 0.
(10)
For the Ansatz (9) to work it is important that all 6 N × N matrices M˜ν have the
same eigenvalue under the action of both ∆− and ∆˜+ + 2∆˜||.
Various other choices and combinations are possible, e.g. M˜a′′ = 0, M˜a′ = Ma,
i.e.
Xa = x(t)Ma
Xµ = z(t)
(
cosϕM1, cosϕM2, cosϕM3, sinϕM1, sinϕM2, sinϕM3
)
z2ϕ˙ = L = const,
(11)
giving
..
x + x
(
2x2 + 2z2 + 4m2 − 6mx) = 0
..
z + z
(
2x2 + 2z2 +m2 − L
2
z4
)
= 0.
(12)
Apart from the trivial static (known) solutions, (L = 0, z = 0;x = 0,m or 2m), and
genuinely timedependent solutions of (12), there are several “intermediate” solutions,
2
for which z is constant, but non-zero (making ϕ(t) linear in t): 2 for which x = 0, z =
±z0, as well as those corresponding to the roots of the quintic equation obtained via
z2 = 3mx− x2 − 2m2.
Replacing Ma by Ma′ , resp. Ma′′ , in the second part of (11) just changes the(
2 2
2 2
)(
x2
z2
)
part in (12) to
(
2 2
6 0
)(
x2
z2
)
resp.
(
2 6
6 2
)(
x2
z2
)
, (13)
leading to yet other solutions.
Of course one can consider both the m → 0 (m → ∞) limit of these solutions as
well as their N →∞ continuum limit.
Finally note that one can also let both Xµ and Xa rotate, letting e.g.
Xa(t) =
√
6x(t)
(
cos θM4 − sin θM5, sin θM4 + cos θM5,M6
)
Xµ(t) = y(t)RµνM˜ν
M˜a′ =Ma, M˜a′′ =Ma′′
x2θ˙ = K, y2ϕ˙ = L
(14)
(as before, R = eAϕ(t), . . .)
which result in equations of motion,
..
x + x
(
4m2 + 12y2 − K
2
x4
)
= 0
..
y + y
(
m2 + 12x2 + 8y2 − L
2
y4
)
= 0,
(15)
corresponding to
H =
1
2
(
.
x
2
+ y˙2
)
+
L2
2y2
+
K2
2x2
+
m2
2
(
y2 + 4x2
)
+ 6x2y2 + 2y4 (16)
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